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Theorem 1 


If (v1, 41) is arational point of curve (EF) : y? = az4+bz? + cx? + dx +e (a 0), then we 


have a rational point (x2, y2) on (£) as follows: 


rq = ((b*—8ab?c+ 16a*c* — 64a%e)x? — 24a(b?d — 4acd + 8abe)x} — 12(b?d —4abcd— 12a*d? + 
20ab7e)xi — 8(b?2cd — 4ac?d — 18abd? + 12b%e + 32abce — 48a7de)x® + 6(5b?d? + 20acd? — 


36b?ce — 16ac*e + 48abde + 64a7e) x} + 24(2bcd? + 3ad? — 8bc?e — b?de + 8acde + 16abe?) ax} + 


4(4c*d? + 9bd* — 16c?e — 28bcde + 60ad7e + 12b7e? + 64ace”)x? + 24d(cd? — 4c?e + 2bde + 
16ae*)x? + 3(3d* — 8cd*e — 16c*e? + 32bde? + 64ae*) x, + 8e(d? — 4cde + sbe)) | (a(t! — 
Aabc + 8a7d)x? — 3(—3b* + 8ab?c + 16a7c? — 32a7bd — 64a%e)x® — 24b(—b?c + 4ac? — 2abd — 
16a7e)xi — 4(—4b?c? + 16ac*? — 9b?d + 28abcd — 12a*d? — 60ab’e — 64a?ce)x$ — 24(—2b*cd + 
8ac?d + abd? — 3b%e — 8abce — 16a7de)x? — 6(—5b?d? + 36acd? — 20b?ce + 16ac*e — 48abde — 
64a7e7)x} — 8(bcd? + 12ad® — 4bc?e — 18b?de + 32acde — 48abe”)x? — 12(bd® — 4bcde + 
20ad?e — 12b?e”)x? — 24e(bd? — 4bce + 8ade)x, + d* — 8cd*e + 16c?e? — 64ae?). 


yo = \/ax4 + ba} + cx? + dxg +e 


Theorem 2 
Let m,n,p,u,v,w, x,y, 2 be rational numbers. Then we can set up the elliptic 


curve in the following form: 


(By): Y? = (X— A(X — BY(X—C) 


1 


Where 


A = (p*uvaty* + p’uwaty* — 2p?uwaty* — 8npywrty?z + 4npuve7y*z — 8npuwa2?y*z — 
Apuvx°y?z + 2p*uvety?z? + 2p?uwaty?z? — 8n?0wety? 2? + 4p?uwety?z? — 16n2vwe y>z? + 
16p?uwa ye 27 +4n2uve7ytz? — 2p? uve7ytz? + 2p?uws yt 2? —8n72uweyt2? +4p?vws7 yt 2? — 
Snuvety®z? + 4uve®y®z? + 8npywetyz? + 8npuvery?z? + 48npu we y?z3 + 48npyws7y>z? — 
Spuve°y>z>—4npuvzy*23?+8npuwsy*23+p2uvet 24+ paws 24 —2p*vwe2*+16n20we y24*— 
16p?uwa y24*+8n2uve2y?z4—4p*uve7y? 244+ 4p? awe y?244+32n70wey? 2440p? we y224+ 
16n?vwry?z*—-16p?uwary?z4—l6nuvety?z4+puvytz4+p2uwyt24—2p?uwyt 244 8uvr®yt 24 — 
Snuve2y?z4+8uvcty®2z*+4npuve?z°—8npywx?z°—48npuwseyz?—4puve°y2z°—8npuvry?2— 
A8npuwry?z°—8npywy?z?+4puvry’ 2° +4n2uvae2 26 —2p*uvx?z® 4 2p*uwa2®—8n7?0w272® + 
Ap? uwx7z®—16n2uwaryz®+16p2vwryz®—8nuvetyz®+2p2uvy?2° 4 2p2uwy?z>—8n20wy22> + 


Ap? uwy?z® + 4uvx®y?z® — l6nuvz7y?z® + l6uvetytz® 4 4uvz2y®z® — 4npuvez’ +8npuwe2z' + 


Snpuwyz’+8puvey?z" + p2uvz8 + p2uw28 —2p?0wz8 —8nuvx2yz8 + 8uvrty? 22+ 8uve2yt 2b + 


Apuvay2? + duva®y22) | (a2? + 27)?(y? + 27)*), 


B = (p?uvaty* — 2p?uwety? + p?vwetyt + 4npuwety3z + 4npuva%ytz + 4npywe ytz — 
Apu’ yz + 2p?uvaety?2? — 4p?uwety?z? + 4n20waety?2? — 2p?owaty?2? + 8n?20we yr 2? — 
Sp*vwary?z? + 4n2uve7yt 2? — Qp?uva7ytz2 — 4p?uwae7yt2? + 4n20we7yt 2? — Qp?vwa7y*2? — 


Snuvcty?z? + 4uvr®y®z? — 4npuwrtyz? + 8npuvzr3y?z? — 2npuwz3y?z? — 2Wnpuwzyrz3 — 


Spuvey?z?—4npuvry*z?—4npuwsy'z? +p*uv2t24—2p°uwe 24+ p?ows 24—8n20we y2t*+ 
Sp*vwaryz*+ 8n72uve2y? 24 — A4p2uve2y?z4 — 8p?uwey?2z4 — 16n2vwx7y224 + 20p*vwa7y?2z4 — 
8n2vway 24+ 8p?vwaey?z4 — l6nuvetye 2+ p?uvyt24 —2p?uwyt24 + p?uwytz4+8uve yt24 — 
Snuve7y’z4*48uvrty®24*+4npuv2?2°+4npuw2>2°+24npuwsy2°—4puv2e°yz°—8npuvry22+ 
WMnpyuwzry’z?+4npyvwy>z2°+4puvay’ 2° +-4n7 vz 26 —2p*uvae?2®—Ap*uwae2® +4n20wae72®— 
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Qp?vwx72® + 8n72uwry2® — 8p2uwaryz® — 8nuvztyz® + 2p? uvy?z® — 4p2uwy?z® + 4n20wy?z® — 


Qp*vwy?z® + 4uvry?2® — l6nuvzy?z® + l6uvaetytz® +4uva7y> 26 —4npuvez’ —4npuwarz’ — 


Anpuwyz' +8puvey?z! +p?uvz8—2p?uw2z84+ p?uw2z® —8nuve7y28+8uvety?284 8uvr7yt Ze + 


Apuvazy2? + duva%y22) | (a(2? + 27)?(y? + 27)*), 


C = (-2p?uvety? + p?uwety! + p?uwaety! + 4npyuwerty?z — 8npuve*y*tz + 4npyw2ytz + 
Spuva°y?z — Ap?uvaety*2? + Qp?uwaety?2? + 4n?20waty?2? — Qp?uwety?2? + 8n7vwe y 2? — 


8p2uwx?yrz? — 8n72uv27yt2? + 4p?uveyt 2? + 2p?uweytz? +4n7? owe yt 2? — 2p2uwe7yt2? + 


l6nuvxty?z?—8urve°y®z? —4npuwetyz3 —16npuve*y? 2? —24npuws yz? —24npywe7y> 23+ 
16puvxr°y?z2+8npuvzy*z?9—4npuwsy*23—2p?uvz* 2+ + puwss 24+ pews 24 —8n72 vw yztt 
Sp*vwa > yz4*—16n2uve7y?z4+8p?uve7y?z4*+4p2uwe7y? 24 —16n?vway2244+-20p?uwe7y?z4 — 


8n2vwry? 244+ 8p*uwzy?2z*4+32nuvety?z4—2p*uvyt 244+ peuwyt24+p2uwytz*—1l6uvr®yt24*+ 


l6nuvx*y?z* — l6uvrty®z* — 8npuvae?z® + 4npuwa z® + 24npuwe?yz° + 8puvxe yz? + 
l6npuvry?z°+24npuwry?z°+4npuwy?z?—8puvey?2>—8n7uv272° + 4p? uvx72® 4 2p?uwe7? e+ 
An?uwa?2® —2p*vwe72® + 8n20vway2®—8p2vwayz®+ l6nuvetyz® —4p?uvy?z® + Qp2uwy?z>+ 
An? uwy? z® —2p*vwy?2® —8uvx®y*26 4 32nuvzyr2® —32uvrty* 26 —8uvz2y®z®+8npuvez’ — 


Anpuwxz'—A4npuwyz'—16puvry>z’ —2p?uv28+ p?uw2z?+p20w2z? +16nuve*yz>—l6uvety?z8@— 


l6uvx7y*z® — 8puvryz? — Suna%y22) | (a(2? + 27)?(y? + 2?)?) 
All solutions of (£) are determined as follows: 


X = (40X22? (p?(uvx(x? — 27)? (y? + 27)? + uwa(x? + 27)? (y? + 27)? — vw(x3y(32 + 2y) — 


2x(ax*+ayt+y?)2? + (2e+3y)2*)((y—z)z+2(yt+2))(@(y—2z)—2(y+2z))) +40r2?(un?y? (a? + 


27)2(y? +27)? + ny(x? +27) (3w(a+y)?(—xy+27)? —Qur?(y?+27)?) +n? (-2w(2t+y)?(—ry+ 


(y?-+22)?)) —2pv2(n(—2ua*(w 2) (0+ \yr+22)P+w(0+y)(ey-2)(0y(3xr4 


Ay) —22(2x+y)(x+2y)z? + (4r +3y)2*)) +ry(a? +27) (Qua(ax— z)(x+z)(y*2 +27)? -3w(a+ 


y)(xy-2*)((y—2)2+a(y+z))(a(y— 2) —2(y+2))))) —2XiVi2z(—40a2?(Que*y*(a—2z)(e+ 


x? + z*)2(y? + 27)? 4+ ny(2? +27) (—4ux?(a — z)(x2+z)(y? +27)? +3w(2+y)(xy—27) (2? + 


Qry — 27) (x2y — (Qe + y)2")) +n? (Qux? (x — z)(x9+2z)(y? +27)? — w(at+y) (xy — 27) (2?9y(2+ 


Ay) —2x(2x?+7ry+2y*)z274+(4a+y)2*))) +p? (w(2?+27)?(uax(2—z)(x2+z)(y2 +27)? +3w(x 


( 
( 


Lr 


y)(—2°y? +ry(a? +5ary+y*)2?— (2? +520yt+y?)24+2°)) +0(-2ua (2? — 27)3(y? +27)? +w 
2) 


z) 


a+z)(x°y(30+4y)—2x(2r+y)(x+2y)2?+ (40+3y)z*) ((y—z)z+a(y+z))(a(y—z)—2(y+ 


))-2pz(xy(2?+27)(—4uve (ax? —27)?(y? +27)? +3uwa(2?+27)?(y? +27)? +3u0w (2? +22y— 


( 
( 
) 
) 


(x*y—(2r+y)z*)((y—z)z+2(y+2))(2(y—z)—2(y+2))) tn(duve*(2?— 27)? (y? +27)? + 


vw (—2®y? (32? + Bry + 8y7) +4x4y (2x3 + 9a7y + l4ry? + 4y?) 2? — 22?(Qe? + Try + 2y7)224 + 
Ax (4x? + 1427y + 9xy? + 2y?)2® — (82? +8ry + 3y7)28) + 3w(a2? + 27)?(w(at+y)?(—ryt 27)? — 
ux*(y?+27)*)))) YY (p"(ul2? — 27)? (y? + 27)? (u(2? — 27)? — 2w(2* + 27)*) + w(a?y? — (2? + 


Aryty’)z? +24)?(—2u(a2?— 27)? +3w(2?+27)))+40(a—z)27(2@+z) (ux?y?(x—z)(x+2) (2? + 


27)2(y? +27)2 +n? (ur? (x—z)(a4+z)(y2 +27)? +w(et+y)(cy—27) (23 (a —2y)yt 2u(a? +5ry 


) 
2)z+a(y+ 2))(ely — 2) — 2(y + 2)))) — 2pz(ay(a* — 2*)(—3uw(a? 
( 


y?)227+(—22+y)z4)) +nxy(x? + 27)(—2ux(x—z)(2+2z)(y?+ 27)? +3u(24+y)(ry— 27) ((y- 


24)? + uly? +27)? (2u(a2? — 27)? — 3w (2? + 27)*)) +n(3w(a2? + 27)? (ua(a— 2) (2+ 2)(y? +27)? 


w(aty)(—2? yi +ary(2?+5ry+y’)z?— (a7 +5ryt+y*) 24 +2°))+0(—2uax(x?—2?)3(y2+2 


w(x—2z)(x+2z)(x3y(x + 4y) — 22(2x? + Try t 2y”)274 (4r+-y)2*)((y—z)z+2(y+z))(a(y- 


z)—2z(y+2z)))))) +2xyz(2? +27) (Qryz(a? 4 2?) (4pvz(nua(2—z)(x+z)(y? +27)? tury (y? + 


2)*(—a* +24) +nw(e+y)(ay—2)((y—2)z+2(y+2))(e(y—2)—2(yt+2))) +p? (vw (a7y? — 


(x? + dry + y?)2? + 24)? + uly? + 27)? (u(x? — 27)? + w(x? + 27)?)) + 402?(-2nuxr?y(2? + 


27) (y? + 27)? + ue? y? (a? + 27)? (y? + 27)? + n?2(w(a2 + y)?(—ay + 27)? + ux? (y? + 27)7))) + 
2X1 2(p?(—2uva(x? — 27)? (y? + 27)? — Quwa(x? + 27)? (y? + 27)? + vw(23y(3e + y) — a(x - 


y)P22-+ (w+ 3y)z4) ((y—2)2+-2(yt2))(a(y—2) — z(y+2))) —4v02®(2ux?y%(a? + 22)%(y? + 


2°)? + ny(2? + 27) (Sw(a + y)?(—2y + 27)? — dun? (y? + 27)?) +n? (—w(@+y)?(—ay + 27)? + 


Qua? (y? + 27)?)) + 2puz(n(—4ux? (x —z)(e+2)(y? +27)? +w(et+y) (xy — 27) (2? y (8a + 2y) — 


Qa (x? + xy + y?)2? + (2x + 3y)z*)) + vy(4ua(y? + 2*)?(x* — 24) — 3w(a + y)(xy — 27)(a? + 


#)((y-2z)z+a(y+2))(e(y—2)—2(y+2))))) +N (—p?(@—2)(@+2)(—vw(a7y? — (a? +-4ey+ 


yz? + 24)? + uly? + 27)?(2u(a? — 27)? — w(a? + 27)?)) + 4uz?(—2ur?y? (2 — z)(2@ + 2) (2? + 


( 
2?)?(y? +27)? +n?(—Qux*(2—z)(at+z)(y? +27)? —wle+y)(sy— 27) (2 (2e—y)y tale? + 
Bay + y?)z? — (x — 2y)2*)) + nxy(dua(y? + 27)?(2* — 2*) —3w(2+y) (ey — 27)(2? + 27) ((y— 
z)z+a(y+z))(x(y—z)—2(y+z))))+2p2(n(—4uv2(2? — 27)? (y? +27)? +3uwa(2? +27)? (y? + 


2°)? —vw(a3 (x — 2y)y + 2a (a? + Bary + y”)z? + (—2¢ + y)2*)((y— z)z+2(y+2))(2(y-2) - 


2(y+z))) +ay(x? + 2?)(—3uw(0?y? — (2? + dary + y?)2? + 24)? + uly? + 27)? (40(a? — 27)? — 


3w (x? + 2) / + 27)? (y? + 27)?(—9?Y, — QeX 12 + Qe3yz + Y,2? + 2ryz?)?) , 


Y = (w(2X12(—pux(x — z)(x + z)(y? +. 27)? + Qux?yz(x? + 27) (y? + 27)? + pw(2t+y) (ry — 


2)((y—z)z+a(y+z))(aly—z)—2(y+z2)) + 2n2z(w(aty)?(—ay + 27)? — ux? (y? + 27)?)) — 


Yi (p(u(x? — 27)? (y? + 27)? — w(a?y? — (2? +4ayt y*)z? + 24)”) +22(nur(x2 —2z)(x+2z)(y?+ 


( 
*) 


) 
( 
27)? +ury(y?+27)?(—24+24)+nw(et+y)(—27y3 + cy(2? +5ay+y")z? — (2? +5ay+y")z 
) 
) 
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2°))) — Quryz(x? + 27) (y? + 27)?(—pa? — 2nxz + 2x3yz + pz? + 2ryz?))(—ApurX?yz?(x? + 


27) (px? — Qaeyz — Qr7y?z + pz? + Qu723 + Qeyz?) — 2X11 2z(4nvz? (ax + y)z? (xy — 27)(n — 


y(x? + 27)) + p?(a+-y) (xy — 27) (v(a? — 27)? — w(2? + 27)?) + Qpvrz(Qna(27y? — (2? + dary + 
yz +24) +y(—a°y (x +3y) +324 (2 +3y)2* + 3ry(32+y)z4— (8a+y)z°))) —Y?(4nve(2+ 


y)(a — z)z?(@ + 2z)(xy — 27)(n — y(a? + 27)) + Apur(x2 — z)2(a + z)(—a?y? + (x? + 4ry + 


P)2—24)(—n+ ya? +22) +p?(02y?— (a? + day ty?)2?-+24)(v(0?— 22)? —w(a?+22))) + 


ApuxX y2*(x? + 27)(p(a3(a — y)y + a(2? + Gay + y?)2? + (—a + y)2*) — 2x(x + y)z(ey — 
27\(n + y(a? + 27))) — 4uryY) 27 (2? + 27)(—2n22(2 + y)z(xy — 27) + 2pry (x? + 27)(x?y? — 


(2? +4ay+y?)22+24)+n(Qry(a+y)z(ry—z?)\(2? +27) + p(a3(2—y)yt+a(x? +6ry+y")z?4 


(—2+y)2*))) + 4pvr?y?z? (x? + 27)? (px?y? + Qnx?yz + Wnry?z — px2z? — 4pryz? — py*2z? — 
Qnxz? — Wnyz? + p))) | (2? + 27)2(y? + 27)3(—a2?Y, — QaXyz + 2x3 yz + Y¥,2? + Qryz?)3) 


Where 


PiaAmery?(x + y)(xy — 27) (x? + 27) /Q 
Ry 


Py + mzry?(x + y)(xy — 27) (a? + 27) /Q 
Ry 


Xy= 


Y= 


P, = may?(x + y)(ay — 2*)(z(—4poay(a + y)?(@ — 2)2(@ + 2)(-ay + 2)? + dva?y?(@ + 


y)?27(a? +27) (—a2y +27)? +p? (a? +27) (—w(2@+y)?(—ryt27)?+ur?(y? +27)? uy (2? 4 2ry- 


2)(a*y —(2a+y)2*))) +min(—2y(x—2)(@+z) (ula? +27)" (y? +27)? —o(a7y? — (a? + 4ary 


y)z?+24)?)+n(a? +27) (ux(e—z)(@+2)(y?+27)?+y(e—z)(e+2)(22y?— (a? +4ayty?)2?+ 


\+w(at+y)(—2 yr +ary(a?+5ayt+y?)2?— (2? +5ryt+y")z4+2°))) +m? (—4nvry(2t+y)(2—- 

2)z(x+z)(xy—27)((y—z)z+a(y+z))(x(-y+z)+2(y+z))+n?22(274 27) (—w(at+y)?(—2y+ 

27)? 4 un? (y? + 27)? + vy(a? + Qry — 27) (x2y — (2x + y)2z7)) — xy(p(—2? + 27) + wyz(x? + 
*) 


z*)) (u(x? + 27)? (y? + 27)? — (x2 y? — (a? +4ay+y*)227 +2 


2) — Inp(x? + 27) (ua(x—z)(x+ 
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z\(y? +27)? + vy(x—z)(a+z2)(22y? — (27 +4ayt-y*)27 +24) +w(2t+y)(-23y? +ry(ax? +52y 


y’)227 — (a? +5aryty’)z4+2°)))+m(4ury(a+y)27(ry— 27) (n(a+y)(a?y—a2(at+y)2z2?+24)4+ 


xy (xty? —23 (2+ 4y)22—y(40+y)z4 4+ 2°)) + p? (a? + 27) (ur(x— z)(2+2)(y? +27)? 4 


tuy(x— 


z)(at+2)(2?y? — (227+ 4ayty?)227 +24) +w(2t+y)(—a2?y? +2y(22 + 5aeyt+y?)2? (2? +5ay+ 


y?)z*+2°)) —2pz(—2ury(xt+y)(x—z)(2#+z)(zy—27)((y—z)z+2(y+z))(2(-ytz)+2(yt 


z))+n(2?+2*)(—w(et+y)?(—ayt2?)? tua? (y?+27)? +uy(2? + 2ry— 27) (4?y—(2¢+y)z*))))) 


’ 


Ry = mary?(x+y)(ry — 27)(—4vury(a2 t+ y)z? (xy — 27) (p(x? + 27) + 22(x2+y)2z(—xry 4+ 27) 


ae 
2mz(—2vey(xt+y)z(xy— 27) (a?(n4+ cy(a + 3y))+(n—2(3a+y)(a+3y))2? 4 (8a4+y)z2*) 
p(x? + 27)(—w(xt+y)?(—ay + 2°)? + ua7(y? + 27)? + vy(2? + 2ay — 27) (x*y— (2e+y)2"))) 4 


m*(—xy(x — z)(@ + 2) (ula? + 27)*(y? + 2°)? — o(a?y? — (a? + dary + y")z* + 24)”) + n(x 


2*)\(ux(x — z)(x + z)(y? + 27)? + vy(x@ — z)(a@ + 2)(x2y? — (2? + Sry + y?)z? + 24) + w (a 


y)(—ay? + cy (x? + Say + y?)2? — (a? + Say t+-y?)2z4 + 2°))) — m? (p(a? + 2?) (ux(a — z) (a+ 


) 
z)(y? + 27)? + vy(a — z)(a + 2)(x?y? — (2? + 4ary t+ y?)2? + 24) +(e + y)(—28y? + cy (a? + 
*(y? 


Say + y*)z? — (2? + 5ay + y”)z4 + 2°)) — 22(n(2? + 27) (—w(2 + y)?(—ay + 27)? + ux 


2°)? + vy(x? + Qxy — 27) (a?y — (Qe + y)z?)) + ry(—ua(a? + 27)? (y? + 27)? + o(a?y(2e + 


3y) — w(3a? + Bay + 3y*)2* + (3x + 2y)z*)((y — 2)2 + a(y + 2))(a(y — z) — 2(y + 2)))))) , 


Pp = ry?(a+y)z(—4u2(x+y)2(—ryt 27)?((—mnt+p)*y(a? + 27) +may(2?y? — (x? +4ry+ 


y?)2?+24)(2mn—2p—my(x?+27)))+(xy—z?)(m(—mnt+p)? (2?+27)(w(2+y)?(—ry+2?)?— 
ux? (y? +27)? —vy(x? + 2ry— 27) (x?y—(2e+y)z7))+272y(—2mn + 2p4+ my(x? + 27))(40(a+ 


y)?2?(—ay + 27)? + m?(—ula? + 27)?(y? + 27)? + u(ay? — (a? + dey + y?)2? + 2*))))), 


Ry = ry*(x + y)(4mvaxy(x + y)(—ryz + 23)?(x3y(x + 3y) — 2(3x + y)(x + 3y)z? + (82 + 


y)2*) — meay(a — 2)(@ + 2) (wy — 27) (ula? + 27)? (y? + 27)? — vary? — (2? + dey + y?)2? 


2*)?) 4+ (mn—p) (x? +27) (4ury(2t+y)(—ryz+ 23)? +m? (xy — 27) (ux(a—z)(x+z)(y?+27)? 


vy(a—2z)(x+2)(a?y? — (a? +42y+y?)274+ 24) —w(2t+y) (ry 27) (x?y? — (2? +4ayt-y?) 2? 


24))) + 22(ay — 2°)(4va07y (x + y)*z*(—ay + 2°)? + m(mn — p) (x? + z*)(—w(x + y)*(—ay + 


24 Qxy — 27)\(x2y— (Qe +-y)z7)) — m2 xy(ux(x? + 27)?(y? + 27)? — 


2)? +urr(y? +27)? +0y(2x 


u(a?y? — (x? + dry + y?)z? + 24) (x3 y(Qx + 3y) — x(3x? + Bry + 3y)z? + (32 + 2y)z4)))), 


Q = m4(—Anz®y3 (x? +27) (ue(y? +27)? +uy(2?y? — (2? +4ayty?)z?7 +24) (ule? +27)? (y? + 


2)? — p(x? y? — (22 + dey ty?)22 + 24)?) +4 y4 (u(x? + 22)2(y? +22)? — o(22y? — (a? + 4ery+ 


P)P + APP + nl (wryA(a? + 22)4 + (wl + y)2(—ay + 2)? — ua®(y? + 22)?)? — 2vy?(a? + 


2) (w(x + y)?(—ay + 27)? + ua?(y? + 27)")) + AnPacy(a? + 2°) (v?y?(a? + 27)? (ay? — (@* + 


4ryt+y?)z?+24)+ua(y? +27)? (w(a+y)?(—ryt27)? ua? (y?+27)?)+uy(—w(at+y)?(—ay+ 


27)? (a2y? — (a? + dry t+ y*) 2? + 24) + ux(y? + 27)? (23 (2 — y)y +2 (x? + bry +: y?)z?7 + (—2 
y)z*))) — 2n?a?y?(—3ura? (a? + 27)?(y? + 27)? —u(n?y? — (2? + 4ary + y?)2? +27)? (Buy? (2? + 
2)? = wla ty) %(—0y + 22)?) + uly? +22) (w(0 + ya? + 2(Ray +2)? + ve PW 


Axyty)+2x4y(203 4 9x7y —6ary? —y?) 2? +27 (244 12r3y+58a7y? + 12ry? +y*) 24 —22(23 + 


6x*y — Ixy” — 2y*)z° + (a — Avy +-y")2°)))) — 4m? (—a°y? (ula? + 27)?(y? + 2°)? — o(0?y? — 
(a? + dry + y”)2? + 24)?) (Qury(a 4+ y)z(—2?y? + wy(a? + Bary + y*)2? — (a? + 5ry+y?)z4 
2°) +p(2* +27) (ua(y? +27)? + vy(22y? — (2? +4ryt+y’)2? +24))) +n? (—2uay?(ax+y)z(zy — 


2?) (a7 + 27) (vy? (a? + 27)? — w(2 + y)?(—ay + 27)? — ux? (y? + 27)?) + p(v?yt (a? + 2?)4 + 


(w(2+y)2(—ay + 27)? — ux? (y? + 27)?)? — Quy? (a? + 27)? (w(2 +y)2(—a2y + 27)? + ue? (y? + 


z*)))) +n? ay(—2uay(x+y)z(xy— 27) (Bvy?(2? + 27)? (a?y? — (2? +4ayt+y")2? +24) —w(et 
y)"(—ayt 2?) (ary? — (ar +day ty 2+ 28) +ua(y? +2")? (a (2a—y)y+a(a?+8ry+y")z"— 
(z—2y)z*)) + 3p(a? + 27) (u?y? (a? + 27)?(22y? — (a? +4ryty?)2?+ 24) +ualy? +27)?(w(e+ 


y)?(-ay+2?)? —uar(y?+27)?) +0y(—w(aty)?(—2y+ 27)? (2? y? — (a? +4ayty?)2?* +2") 


( 
nie 


ua(y? + 27)?(23 (2 — y)y + a(a? + Bry + y*)2? + (—a + y)z*)))) + nax?y? (Qury(a + y)2(xy — 


27) (x? + 27) (—38uy(x?y? — (a? +4ry t+ y”)2? +24)? +uly? + 27)? (23 (a — Qy)y + 2u(a? +5ary + 


y?)z?7+(—22+y)z4)) +p(3u22? (22427)? (y?+27)44-0(22y?— (2? +4ayt-y?)27 +21)? (8uy? (x? 


) 
) 
eS 
y") 


2 


27)? w(aty)?(—xyt 27)?) —uly?+27)?(w(et+y)? (a2 4+.27)?(—ayt 27)? +0(2°y? (a? —4aryt+ 


2) 4+ 2x4y (2x? + 9x2y—6xry?—y?) 227 +27 (04+ 1222y+58r7y74 l2ry3+y*) 24 —22(2° +627 y— 
Say” —2y*)z°+(a?—Aryt+y")z*)))))+2m*(n?(—l2pury*(x+y)2(zy— 27) (a? +27) (vy*(2?+ 


2)? — wae + y)?(—ay + 27)? — ua?(y? + 27)*) + 4un?y?(@ + y)?2*(—ay + 27)? (Buy? (a? + 


27)? _w(at+y)?(—xy + 27)? — ur? (y? + 27)?) + 8p? (u2y4 (a? + 27)4 + (w(at+y)?(—ryt 27)? — 


a? (y? +27)*)? — Quy?(a? + 27)? (w(et+y)?(—ay + 27)? + u(y? + 27)))) + 2nay(4ue?y? (e+ 


y)227(a? + 27)(—ay + 27)? (u(y? + 27)? + 380y(a22y? — (x? + dry + y?)2? + 24)) — Apury(x + 


y)z(xy—2*)(3uy"(a?+2°)(a°y? — (a? +4ayty?)2? +24) —w(aty)(—ayt27)?(2?y?— (2? + 
Ary +y)z? +24) + ur(y? + 27)?(23 (2a — y)y + a(a? + Bry t y?)2? — (a — 2y)2*)) + 3p? (a? 


27) (v2 y3(a2-+27)? (22 y?— (22 +4aryt-y?) 2727 +24)+un(y?+27)?(w(a+y)?(—ryt+27)?-ur7(y?+ 
) 


27)?) +uy(—w(aty)?(-syt 27)?(a?y? — (2? + ay ty?)2? +24) + ual(y? +27)? (a3 (@—y)yt 
a(x? +6aryt+y?)2?+(—2+y)24))))—2y? (40074? (a@+y)?2?(—a2y+2")?(u(a?+27)?(y?+27)?— 


3u(a?y?— (2? +4ay+y?)2? +24)?) —4pury(x+y)2z(2y—2z7) (a? +27) (—8uy(2?y? — (a? +42ry 


y?)z° +2)? +uly?+27)?(a9 (a —2y)yt+2a(2? +5aryty")z*+(—2e+y)2*)) + p*(—3ura? (2? 


Nee 4 
2)? (y?+27)4—-u(22y? (22 +4ayt-y7)27+24)2 (Buy? (a? +27)? -—w(2t+y)?(—2yt27)7)+u(y? 
2) 4 

( 


2)? (w(ety)?(2?+27)?(—ay +27)? +0(2°y? (a? — day ty’) +204y(20° +9a7y—6ry?—y?) 2" 
x?(xt+122°y+5827y?4 l2ry?+y*)24—-22(23 +6x7y—9ry?—2y?) 2° +(x? -4ryt+y’)z°)))))— 
A4m(n(—8v?2%y4 (a + y)?z3 (ay — 27)? (a? + 27) — 6p?vary? (a + y)2(xy — 27) (a? + 27) (vy? (a? + 


27)? _w(a2t+y)?(—xyt 27)? -—ux(y?+27)7) +4puny? (xt y)22?(—xyt 27)? (80y? (2? +27)? — 


w(at+y)?(—2y+27)? — ux? (y?+27)2) +p3 (v2y4 (x2? + 27)4+ (w(a+y)?(—2yt 27)? — ur? (y? + 


27)*)? — Quy? (a? +27)?(w(e+y)?(—aytz*)? tur? (y?+27))))+ay(—-8v°2%y3(e+y)%29 (ry 


) 
*)8 (ay? — (a? + dary + y?)2? +24) + 4pun?y? (a + y)?27 (a? + 2?) (—2y t+ 27)? (ue(y? +27)? + 


z 


2 


Buy (xy? — (2? + day t+ y?)2? + 24) — Qpvry(a + y)e(xy — 27) (Bvy?(2? + 27)?(a?y? — (x? 4 
Aryty?)z?+24)—w(aty)?(—ry +27)? (v2y? — (2? +4ry+y”)27 + 24) +ur(y? +27)? (23 (22 — 
— (x —2y)z4)) +p3 (x? +27) (v?y3 (a? + 27)? (a?y? — (a? + 4aryty?)z74 
Z)+ualy+2*)(w(et+y)* (zy +27)? —ux*(y?+27)?) +0y(-wlet+y)?(-2yt27)?(22y? — 
(a? + 4ary + y?)z? + 24) tua(y? + 27)? (a3(a — yyy + x(a? + Gry + y*)2* + (—@ + y)z4))))) — 


32pv7xy4 (x2 + y)?23(ay — 27)3(x? + 27) + 16v2rty4 (x + y)424(—xy + 27)4 — 8p*ury?(x + 


y)y+nx(x?+8xryt+y")2" 


y)z(xy — 27) (x? + 27) (vy? (x? + 27)? — w(at-y)?(—2y + 27)? — ur? (y? + 27)?) + 8p? ux7y? (a+ 


y)?27(—xy+ 27)? (uy? (27 + 27)? —w(2+y)?(—ryt+27)? — ux? (y?+27)7) +p (u2yt (a? +27)4+ 


(w(x+y)?(—ay+2")?—ux? (y?+27)?)?—2uy? (2?+27)? (w(at+y)?(—ayt2?)?+ua*(y?+27)?)) 


So for (X,Y) to be a rational point on (£)), we need rational numbers m and k such that 
OSs: 
Example: 


For m = a we get 
n 


X = (p*uvety* + p2uwety* + peuwety* + 4npuwaty?z + 4npuvz?ytz + 4npywe ytz — 
Apuvaz’y’z + 2p?uvaety?2z? + Qp?uwety?2? + 4n20wety?2? — 2p?uwaty?2? + 8n?20we y>2? — 
8p2uwx yrz? + 4n7 uve yt 2? — Qp?uve7yt 2? + Qp?uwe7ytz? + 4n2uwe7yt2z2 — 2p? uwae7yt2? — 
Snuvety’z? + 4uve®y®z? — Anpywetyz? + 8npuvx%y2z3 — Anpuwzy?z3 — 24npuwz?yrz3 — 
Spuvxe°y?z? —4npuvry*z? —4npuwzry* 2? +p?uvet24 + puwes 244 peuws 24 —8n2 we yzt+ 
Sp*vwaryz*+ 8n72uve7y? 24 —4p*uvx2y?24 + 4p*uwey? 24 — 16n2uvwe7y?224 + 20p*vwa7y2z4 — 
8n2uwry?z! + 8p*uwry?z4 — l6nuvety?z4 + p2uvytz4 + peuwys24 + peuwyt 24 + 8uvr®yt24 — 
Snuve7y’z4*4 8uvr*y®24*+4npuve?2°+4npuw2?2°+24npuwsy2°—4puv2°yz°—8npuvey22+ 
WMnpywry?z?+4npuwy?z°+4puvzy? 2° +-4n2uve? > —2p*uvz2z° 4 Qp*uwe72>+4n20wa7 26 — 
Qp?vwx7 2° + 8n72uwry2® — 8p*uwaryz® — 8nuvrtyz® + 2Qp*uvy?z® + Qp?uwy?z® + 4n20wy?z® — 


Qp*vwy?z® + 4uvr®y?2° — l6nuvaey?z® + l6uvetytz® +4uva7y> 26 —4npuvez’ —4npuwarz’ — 


Anpuwyz' +8puvzy?2" + p?uvz® + p2uw2z® + p2uw2z® —8nuve2yz® + 8uvrty? 28 + 8uve2yt28 + 


Apuvayz? + duva%y22) | (a(2? + 27)?(y? + 27)*), 


Y = (puvw(pr? + 2nxz — 2x3 yz — pz? —2Qxryz?) (pry? + 2nx2yz4 Wary*z— px?z? —Apryz? — 
py?2? — 2nxz? — Qnyz3 + p)) | (0? + 27)?(y? + 27)) 


D 


n— ay — yar’ Wo Be 


For m= 


X = (p’uvety* — 2p?uwaety? + p2uwety* + 4npywetyrz + 4npuve7ytz + 4npyw2?y*z — 
Apuvaz’y?z + 2p?uvaty?2? — 4p?uwaety?z? + 4n20waty?2? — 2p?uwaty22? + 8n720we yr 2? — 
Sp*vwary?z? + 4n2uve7yt2? — Qp?uva7ytz? — 4p?uwae7yt2? + 4n20we7yt 2? — Qn? vwa7y*2? — 


Snuvrty?z? + 4uvr>y®z? — 4npuwrtyz? + 8npuvz3y?z? — 2npuwz3y?z3 — 2Wnpuwzyrz3 — 


Spuvey®z?—4npuvry*z?—4npuwsy*z? +p?uvet24—2p?uwe24+p?ows 24—8n20we yst*+ 


Sp*vwaryz*+ 8n72uve2y? 24 —4p2uve2y?z4 — 8p?uwey? 24 — 16n2vw27y224 4+ 20p*vwa7y2.z4 — 
8n2vwary 244+ 8p*vwaey?z4 — l6nuvety? 24+ peuvyt24 —2p?uwy*t2* +p?uwytz4+8uve*yt24 — 
Snuve7y’z448uvrtys24*+4npuvz?2°+4npuwsr2°+24npuwsy2°—4puvx2°yz°—8npuvey22+ 
WAnpuwry?z+4npuwy?2?+4puvzy?2°+4n7 uve 2° —2p*uva22®—4p*uwa2®+4n72vw2726 — 
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Qp?vwx7 2° + 8n72uwaryz® — 8p*uwaryz® — 8nuvrtyz® + 2p? uvy?z® — A4p2uwy?z® + 4n2uwy?z® — 


Qp*vwy?z® + 4uvr®y22® — l6nuve2y?z® + l6uvetytz® +4uva7y> 26 —4npuvez’ —4npuwaez!? — 


Anpuwyz' +8puvry>z" +p2uv2® —2p2uw2z? 4+ p2uw28 —8nuvr7yz? + 8uvety?22+8uve7y4 28 + 


Apuvacy2? + duva®y22) | (30? + 27)?(y? + 27)) 


Y=, 


px? — Qn? yz — Qr*y?z + pz? + Qr72z3 + Qayz3 
For m = 


we get 
nx? + ey? + nz* — 2322 — de® yz? — xy22z?2 + 224’ 


X = (p’uvaty* + p?uwaty* — 2p?vwaty* — 8npuwaety?z + 4npuve*y*z — 8npuw2y*z — 
Apuvx°y?z + 2p*uvxty?z? + 2p?2uwaty?z? — 8n?uwety?z? + 4p?uwety?z? — 16n2vwe y>z? + 
16p?uwa y327 +-4n2uve7ytz? —2p*uve7yt 2? + 2p? uwe7yt2? —8n72uweyt2? +4p?uwe7yt 2? — 


Snuvarty?z? + 4uvr®y®z? + 8npuwrtyz? + 8npuvz?y?z3 + 48npuwzy?z? + 48npuws2yrz3 — 


Spuva°y>z>—4npuvzy*22+8npuwzry*23?+p2uve 24+ puwes 24 —2p? wer 2*+16n20we y24*— 
16p?uway24*+8n2 uve y?z4—4p?uve7y? 244+ 4p? awe y?244+32n70wey? 2440p? owe? y?24 + 
16n?vwary?z*-16p?uwary?z4—-l6nuvety?zt+puvytz4+p2uwyt24—2p?uwyt2z44 8uvr® yt 24 — 
Snuve2y?z*+8uvcty®2z*+4npuve?z°—8npuwx?z°—48npuwseyz?—4puvr°yz°—8npuvry?2— 
A8npuwxy?z° —8npuwy? 2? +4puvzy? 2° +4n2uve7 2° — 2p? uve 29+ 2p*uwa72®—8n720 we zo + 
Ap? uwx72®—16n2uwaryz®+16p2vwryz®—8nuvxtyz®+2p2uvy?2° 4 2p2uwy?2>—8n20wy22> + 


Ap?vwy? 26 + 4uvr®y?26 — 16nuvr2y? 26 + l6uvrtyt2§ 4 4uve2yS 26 — 4npuvez’ + 8npyuweze? + 


Snpuwyz’+8puvzey?z" + p2uvz8 + p2uw28 —2p?0wz8 —8nuvxe2yz8 + 8uvarty? 22+ 8uve2yt 2b + 


Apuvayz? + duva®y22) | (3(0? + 27)?(y? + 2?)?) 


Y=, 


*xNote that the values of the set of numbers m,n, p, u,v, w, x,y, Z are chosen such that Q ¢ 


0 and the denominators are not zero. 
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